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EMBEDDINGS OF C(A) AND L'[0, 1]
IN BANACH LATTICES

BY
HEINRICH P. LOTZ AND HASKELL P. ROSENTHAL'

ABSTRACT

It is proved that if E is a separable Banach lattice with E' weakly sequentially
complete, F is a Banach space and T: E — F is a bounded linear operator with
T’'F' non-separable, then there is a subspace G of E, isomorphic to C(A), such
that T\ is an isomorphism, where C(A) denotes the space of continuous real
valued functions on the Cantor discontinuum. This generalizes an earlier result
of the second-named author. A number of conditions are proved equivalent for
a Banach lattice E to contain a subspace order isomorphic to C(A). Among
them are the following: L' is lattice isomorphic to a sublattice of E’; C(A) is
lattice isomorphic to a sublattice of E'; E contains an order bounded sequence
with no weak Cauchy subsequence; E has a separable closed sublattice F such
that F' does not have a weak order unit.

§1. Let A denote the Cantor discontinuum and let L' denote the Banach
lattice L'(m) where m is Lebesgue measure on the unit interval with respect to
the o -algebra of Lebesgue measurable sets. Our main results are as follows:

THEOREM 1. Let E be a separable Banach lattice with E' weakly sequentially
complete, let F be a Banach space, and let T: E — F be an operator with T'F’
non-separable. Then there is a complemented subspace G C E isomorphic to C(A)
such that Tic is an isomorphism.

We note that Theorem 1 generalizes the main result of [10], where the special
case of Theorem 1 was established for E = C(X), X a compact metric space.
The proof follows readily from lattice analogues of the results and techniques of
[10]. The argument is given at the beginning of §4 and uses Lemmas 1, 2 and 3
of §3.

" The research of both authors was partially supported by the National Science Foundation, NSF
Grant No MPS 71-02839 A04.
Received January 3, 1978

169



170 H. P. LOTZ AND H. P. ROSENTHAL Israel J. Math.

TheoREM 2. Let E be a Banach lattice. Then the following assertions are
equivalent:

(a) L' is lattice isomorphic to a closed sublattice of E'.

(b) C(AY is lattice isomorphic to a closed sublattice of E'.

(c) There is a compact space K and a continuous surjection ¢ : K — A such that
the corresponding isometry C(A)— C(K) (defined by f — f ° ¢ ) factors through E,

C(A)—T) E>C (K) with T an order isomorphism and S positive. (If 0 < ¢, then K,

@, T, and S can be chosen so that |T||||S|=1+¢.)

(d) There is a positive embedding T: C(A)— E.

(¢) There is 0<x € E such that the order interval [0,x] is not weakly
sequentially precompact. (In other words, E has an order bounded sequence with
no weak Cauchy subsequence.)

(f) There is a (positive) embedding T: 1'— E with T majorizing.

(g) There is a separable closed sublattice F of E such that F' does not have a
weak order unit.

(h) There is a separable closed sublattice F of E such that 1'(T') for some
uncountable set T is lattice isomorphic to a closed sublattice of F'.

(i) There is a (separable) closed sublattice F of E and an almost interval
preserving operator T from F onto C(A).

If, in addition, E is separable one can choose F = E in (g), (h), and (i). Moreover,
(a)-(i) are then equivalent to

(j) Same as (c) with ¢ a homeomorphism. In particular, C(A) is order

isomorphic to a closed subspace of E which is the range of a positive projection.

We note that the equivalent statements (a), (b), (f), (h) and (i) of Theorem 2
are lattice analogues of results in general Banach spaces due to Pelczynski [8]
and Hagler [3]. However, (d) has no analogue for general Banach spaces; for
example C(A) does not embed in ' yet C(AY embeds in (I') = [".

CoroLLARY. If ' embeds in a Banach lattice E but not complementably then
(a)-(i) of Theorem 2 hold.

Proor. If I' embeds in E then by theorem 2 of (7] it follows that coor L' is
lattice isomorphic to a closed sublattice of E’. But since /' is not complemented
in E, ¢, does not embed in E’ by a result of Bessaga and Pe}czyiiski [1]. Hence,
(a) of Theorem 2 holds.

The proof of Theorem 2 uses further lattice analogues of the results of [10] (in
particular Lemma 6 which can be deduced from the crucial lemma 1 of [10]) as
well as the machinery in Banach lattice theory developed in [5], [6], and [7].
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In the next section we review some notations and definitions in the theory of
Banach lattices; preliminary lemmas are given in §3 and the proofs of the
theorems are given in §4.

§2. In this paper we consider Banach spaces over the real field. The dual of a
Banach space is denoted by E’. By an operator T: E — F between Banach
spaces we mean a continuous linear map. The adjoint of an operator T is
denoted by T'. An operator T is called an isomorphism or an embedding if T is
injective and has closed range.

The terminology and notations for Banach lattices follow [12]. For the sake of
convenience we explain frequently used terms.

Let E be a Banach lattice and x,y € E with x =y, then the order interval
[x,y]istheset{z EE: x =z =y}; x and y are disjointif |x|A|y|=0. A linear
subspace I of a Banach lattice E is called an ideal if x €I and y € E with
|y|=|x| implies y €L An ideal I of E is called a band if A CI and
supA = x € E implies x € . If 0 = x € E then the ideal generated by x is called
a principal ideal and denoted by E,. An element 0=u € E is called a
quasi-interior point if the principal ideal E. is dense in E and is called a weak
order unit if E is the band generated by u.

An operator T: E — F between Banach lattices is called positive if 0 =x € E
implies Tx 20, and is called an order isomorphism if 0 =x is equivalent to
0= Tx; T is called a lattice homomorphism if x A y =0 implies Tx A Ty = 0; if,
in addition, Tx A Ty =0 implies x Ay =0, T is called a lattice isomorphism (a
lattice isomorphism is an order isomorphism). The reader should note that
lattice isomorphisms and order isomorphisms are not necessarily operator
isomorphisms since their ranges are not required to be closed. A positive
operator T: E — F is interval preserving (resp. almost interval preserving) if
T[0,x]=[0, Tx] (resp. if T[0,x] is dense in [0, Tx]) for all 0 = x € E. We shall
make frequent use of the following fundamental fact ([6]): Let T: E— F be a
positive operator; then T is almost interval preserving if and only if T" is a lattice
homomorphism while T is a lattice homomorphism if and only if T’ is (almost)
interval preserving.

An operator T from a Banach space E into a Banach lattice F is called
majorizing if T maps every (norm-) null sequence into an order interval.

If B is a band in the dual E' of a Banach lattice E then there is a unique
positive contractive projection P from E' onto B with Px'=0 for all x' € E’
satisfying x" A y'=0 for all y'€ B; P is called the band projection onto B.
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§3. In this section we collect several lemmas which will be used in §4 below
for the proofs of Theorems 1 and 2. The first two lemmas are minor variations of
results in [10].

LemMa 1. Let X be a compact Hausdorff space and let {A,},er C C(X) be a
family isometrically equivalent to the usual basis of 1'(T) for some infinite set T
such that for the weak * topology the closure K of {A,},er is dense-in-itself and
metrizable. Then for all 0 < ¢ <1 there is a subspace F of C(X) isometric to C(A)
such that

”f” = (1 - 8)_1 SupverKf’ Av)’
for all fE F.

ProoF. At first we remark that in proposition 3 of [10] the separability of the
Banach space is only needed to ensure that K is metrizable. Moreover, the index
set N can be replaced by any infinite set I'. The lemma now follows immediately
from proposition 3 and theorem 2(b) (i) of [10].

LEMMA 2. Let E be a separable Banach lattice with E' weakly sequentially
complete and let W be a convex bounded symmetric non-norm -separable subset of
E'. Then there is a 8 >0 such that for all ¢ > 0 there exist an uncountable family
{wityer C W and a family {x},er C E' of pairwise disjoint elements such that

Iwi,=xi=e and [xijz3
for all y €T.

Proor. It follows from (2.4) (c) of [5] that E’ satisfies the equivalent
conditions of (2.1) of [5]. In particular, each closed ideal of E’ is a band and each
order interval [0, x'] in E' is weakly compact. Since on [0, x'] the weak and the
weak* topologies coincide the interval [0, x ] is weakly separable and, because of
convexity, norm separable. Hence the norm closure of every principal ideal in E’
is a separable band in E". If E = C(X) and x',y' € C(X) then L'(|x']) is the
band in C(X) generated by |x’| and (dy’/dx’)x’ is the band projection of y' onto
the band L'(Jx’|). Now the proof is almost verbatium the same as the proof of
lemma 4 in (10]; one has only to replace L'(|x’|) by the band generated by | x’|
and (dy'/dx")x’ by P.-y’ where P.. is the band projection onto the closed ideal
generated by x’.

The next two lemmas are well known.

LemMma 3. Let E be a Banach lattice and let 0<u € E. Then there is a
compact Hausdorff space X and a lattice isomorphism T: C(X)— E onto the
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principal ideal E, with T1=u and | T|=|lul|. The adjoint T' is necessarily a
lattice homomorphism and interval preserving.

Proof. The existence of X and T follows immediately from Kakutani’s
Theorem on AM-spaces since the principal ideal E. with [— u, u] as unit ball
is an AM-space with unit [12, (I1.7.2) cor.]. Since T is a lattice homomorphism

and interval preserving, T’ is a lattice homomorphism and interval preserving
(see §2).

LEmMMA 4. Let X be a compact Hausdorff space, let 0 < f &€ C(X), and let
1, v € C(X) with u Av=0. Then there exist two sequences (g.),(h.)C|0, f]
with

lim, (g )= (f, 1),
lim, {h., v)=(f, v)
and, for all n €N,

supp g. Nsupp h, = .

Proor. Since u and v are positive and disjoint w + v =|u — v|. It follows
now from (11.4.2) cor. 1 of [12] that

(i +vy=sup(fu—v)
ifl=f

= sup (", ) +(f", »))
=t

=(fiu +v).

Hence there is a sequence (f.)C[—ff] with lim, (fi, u)=(f,u) and
lim, (f.,v)=(f,v). By putting g, = (fr—n"'1)" and h, =(f.—n"'1)" the se-
quences (g.) and (h,) have the desired properties.

Our next lemma shows that (a) of Theorem 2 can be replaced by the condition
that there exists a non-zero lattice homomorphism from L' into E’.

LemMMma 5. Let E be an AL -space and let T be a lattice homomorphism from E
into a Banach lattice F with ||T| = 1. Then for every € >0 there exists a band
B CE, B#{0}, such that |Tx||=(1-¢)|x|| for all x € B.

ProoF. Choose 0<u € E with |Ju||=1 and | Tu||>1-e. Let B, = E, and
T,= T, Since u is a weak order unit in B,, by Kakutani’s Theorem (12, 1L
8.5] B, is norm and lattice isomorphic to a space L'(X,3, ), p finite. Since
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| T:|>1—¢ there exists 0<y’€ F' with |ly’[|=1 and ||Tiy’||>1—e. Hence
there exists a set A € 3, u(A)>0such that (T1y’)(t)= 1—¢ forall t € A. Now
let B be the band of all equivalence classes of functions vanishing outside A
p-a.e. Then for all f € B,

KT =0T f Iz f1L Tiy) = (1= o)l

Since B, is a band in E, B is also a band in E with || Tf||= (1-¢)|f]. Since
n(A)>0, it follows that B# {0}.

Following Pekczyiiski [8], a sequence (A)) of subsets of a set A is called a tree
if Ay N Ay =Jand Ay U Ay, C A, forall i € N. In the sequel we denote the
set of all Lebesque measurable subsets of [0,1] with non-vanishing measure
by 2.

Lemma 6. Let E be a Banach lattice such that there exists a non-zero lattice
homomorphism from L' into E'. Then given ¢ >0, there exists a compact
Hausdorff space X, a tree (K.) of compact sets in X, a lattice isomorphism
U: C(X)— E onto an ideal of E with |U||= 1, and a sequence (x}) of positive
elementsin E’ with | x| = 1+ £ such that for all i, U'x/, is a probability measure on
X with supp U'x{C K.

Proor. We give two arguments. The first is a fairly quick deduction from the
results of [10].

Assume ¢ <1. Let R: L'— E’ be a lattice homomorphism with |R||= 1.
Choose 0 <u € E with |ju||=1 such that [R'u||>(1+3¢)" when u is consi-
dered as an element of E”. By Lemma 3 there exists a compact Hausdorff space
X and a lattice isomorphism U: C(X)— E with U1 =u,||U| =1, and such that
U’ is a lattice homomorphism and interval preserving. Then U’R is a lattice
homomorphism with |U’R||>(1+3e)’. By Lemma 5 there exists a band
BCL', B#{0} such that G = U’'RB is a closed sublattice of C(X) lattice
isomorphic to L' and thus isometric to L' with [[(U'R;s)"| =1+ ¢/3. By the
known structure of such sublattices (see proposition 2 of [10]), there exists a
regular Borel probability measure & on X and a o-algebra § of Borel subsets of
X such that (X3, u [?ﬁ) is a purely non-atomic measure space and G =
L'(u f &). (The point of the correction to [10] is that a general subspace of C(X)’
isometric to L' has a slightly more complicated structure; however the argument
for proposition 2 of [10] is indeed valid for sublattices of C(X)'.) Then by lemma
1 of [10] there exists a tree (K;) of compact sets in X and a tree (F,) of elements
of ¥ so that u(K;)>0, p(F)=(1+:¢) u(K:) and K, CF, for all i €N. Thus
fixing i, [ (K:)]"xr is a positive element of G of norm at most (1 + 5¢). Since
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I(U'Rs)"'|=1+3e, there exists a positive element y;€ E’ with |y/|=
(1+3e)’=1+¢ and U'y}=[u(K)) 'xs. Since U’ is interval preserving, there
exists an element x;€ E with 0=x =y} and U'x}=[u (Ki)"]x«- Since || x| =
|l yill=1+ &, this completes the first argument.

An alternate and self contained argument, using purely lattice theoretic
methods, is as follows:

Let R: L'— E’ be a lattice homomorphism with ||[R||=1+¢ and let ‘R =
Ris. Then there exists 0 <u € E with |ul|=1and |'R(u)}|> 1 +3¢. By Lemma
3 there exist a compact space X and a lattice isomorphism U: C(X)— E with
Ul=u and |U| =1 such that U’ is a lattice homomorphism and is interval
preserving. Thus U'R is also a lattice homomorphism. If we denote ‘R U by T
then [4 Tfdt = (f, U'Ry4) for all f€ C(X) and all A €3%...

Now choose a sequence (&) in R with 0 <¢g;, and €4, €21 < ¢ for all i EN.
We shall construct a sequence () in C(X), 0= f, =1, and a tree (A;) of sets in
[0,1], A; € 3., such that the sequence (K;) with K; = supp f; forms a tree of sets
in X and such that (Tf,)(t)>1+e¢ for all t € A;. Let f,=1. Since ||T1|=
|'Rul|>1+3¢ there is a set A, € 3. such that (Tf,)(¢t) = (T1)(t) >1+}e for all
t € A.. Suppose f; and A; have been constructed with (Tf)(f) > 1+ & for all
t€A. Choose B,Ce?., with BNC=g and BUCCA:, Then
U’'Rxs A U'Rxc =0. Hence by Lemma 4 there exist two sequences (g, ) and (h,,)
of positive elements with g, + A, = f; and supp g. Nsupp h. = I Then alln EN,
such that lim, {(g., U'Rxs) = (f, U'Rxs) and lim, (h., U'Ryc) = {f, U'Rxc), or
equivalently, such that lim, f5 Tg.dt = [s Tf;dt and lim, fcTh,.dt = [ Tf.dt.
Since 0 = Tg, = Tf,, and 0 = Th, = Tf; there exist subsequences (g, ) and (h,,)
such that the sequence (7g.,) (resp. (Th,,)) converges almost uniformly on B
(resp. C) to Tf. (Egoroff’s Theorem). Hence there exist two positive functions f;
and f;., in C(X) and sets A and A, in 2., Ay C B, Ayl CC, such that
frn1 = fi suppfau Osupp frri = and (Tf)(t)>1+ e, for all t € Ay and
(Tfair)(t) > 1+ €2, for all t € Ayi.i. This completes the construction of the fi’s
and the A;’s.

Now let yi= R([lxal"xa)- Then |yi|=[|R|[=1+¢, and (f, U'y;)>1. Let
K; =supp f.. Since U’ is interval preserving there exist elements z € [0, y;] such
that U'zi= yxU'y:. Clearly (f,U’z)»=1 and thus |U'z}||=1. Let x; =
| Uz} 'z:. Then X, U, (x}) and (K;) have the desired properties which concludes
the proof.

§4. In this section we present the proofs of our main results.

ProoF oF THEOREM 1. It suffices to show that E contains a subspace G
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isomorphic to C(A) such that Tjs is an isomorphism since by theorem 1 of {9] G
contains a subspace G, isomorphic to C(A) and complemented in E. Let V® be
the unit ball of F' and let W = T'V°. Then W satisfies the hypotheses of Lemma
2. Now choose § >0 as in Lemma 2 and for ¢ >0 with § (1—¢)’— & >0 choose
{wil,er and {x;},er as in Lemma 2. Since E is separable there exist u € E,
llull=1, and an uncountable subset I', CT such that 1—¢ <(u,x’/||x.|) for all
v €T, It follows from Lemma 3 that there exist a compact space X and an
operator S: C(X)— E with S’ a lattice homomorphism and $[-1,1]=
[-{ul,|u]). Then putting wu, =S'x;/|x.], |uy|>1—¢ for all y €T, since
there is an f &€ C(X) with [f=1 and Sf = u. By passing to an uncountable
subset I'; CT', we may assume that the family {x /||, ||| x }||},er, is dense-in-itself
for the weak* topology. Since S’ is a lattice homomorphism the elements of
{ey Il .y |}, er, are pairwise disjoint and thus isometrically equivalent to the basis
of I(T',). Hence by Lemma 1 there is a subspace H of C(X) isomorphic to C(A)
such that for all h € H,

SUPyer, < ” , ”> = (l - E)Hh ”
This implies that for all h € H
supyers | (i 77) | 2 (A= eVIAL

supyer;[(Sh,x)[Z 8(1— e )| ],
Supverz’(Sh’ W;)’ = (5(1 - 8)2— E)Hh ”’
and finally,

supyeve[(TSh,y )| Z (81— &)’ —¢)|h]|.

Hence the restriction of TS to H is an isomorphism, and thus G = SH is
isomorphic to C(A) and T, is an isomorphism.

ProOFOF THEOREM 2. {(c¢) = {d): If (c) holds then § o T is an isometry since ¢
is onto, and thus T is an embedding and clearly positive,

(d) = (e): If T isasin (d) then (0, T'1] is not weakly sequentially precompact.

(e) = (f): If [0, x] is not weakly sequentially precompact, it follows from the
main result of [11] that there exists a sequence (x:)C [0, x] equivalent to the
usual !'-basis. The corresponding embedding T of /' in E is clearly positive and
is majorizing since T maps the unit ball of I into [~ x, x].
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(f) > (g): Let T:1I'—>E be a majorizing embedding. Let F be any closed
sublattice of E containing the range of T. It follows from (IV. 3.4.d) of [12] that
T considered as an operator from [' into F is majorizing and that T factors

through an AM-space M, [ S M FwithS positive. Now assume that F’ has a

weak order unit, say w'. Since F' is the band generated by w' and since S’, as the
adjoint of a positive operator, is order continuous, S$'F’ is contained in the band
B of M’ generated by S'w'. Since M’ is an AL-space, B is the closed linear hull
of the weakly compact order interval [0,S'w’], i.e. B is weakly compactly
generated. Now T'is onto and thus R'B = [”. Hence [” is also weakly compactly
generated which is absurd. Therefore, F' cannot have a weak order unit. By
taking for F the closed sublattice generated by the range of T one gets a
separable sublattice such that F’ has no weak order unit.

(g) > (h): Let F be a separable closed sublattice of E and let u be a
quasi-interior point of F [12, II. 6.2]. If F’ does not have a weak order unit then
there exists in F’' a normalized family {y:;},er,, I'1 uncountable, of positive
pairwise disjoint elements. Since (u, y ) >0 for all y €T, there exist a § >0 and
an uncountable subset I' C T, such that (u, y;) > 6 for all y €T. It is easily seen
that the closed linear hull of {y},<r is a sublattice of F' lattice isomorphic to
o).

(h) = (i): Let F be as in (h) and choose a quasi-interior point u € F. A
standard argument shows the existence of an infinite bounded set A C F’ of
positive pairwise disjoint elements, dense-in-itself for the weak* topology, with
(u,yy=1forall y'€ A. Let B be the weak™ closure of A. Since F is separable,
B is weak* metrizable. Now choose by Lemma 3 a compact space X and a lattice
isomorphism R from C(X) onto the ideal F, with R1 = u. Since F, is dense in F,
R’ is a lattice isomorphism and its restriction is a homeomorphism of the weak*
compact set onto the weak* compact set K = R'Bj; in particular, K is also weak*
metrizable. The family {R’y". y'€ A} C C(X) is dense-in-itself for the weak*
topology and isometrically equivalent to the usual basis of /'(A). Now, as in the
proof of proposition 3 of [10] it follows that there is a weak* compact set Z C K
homeomorphic to the Cantor set A such that the canonical map
S: C(X)— C(Z) defined by (Sf)(n)=(f,u) for all p € Z, f € C(X) has an
adjoint S’ which is an isometry. (Observe that the separability assumption in
proposition 3 of [10] is only required to ensure the metrizability of K for the
weak™ topology.) Since S is a positive operator, S’ is a positive isometry from an
AlL-space into another AL-space and hence a lattice isomorphism. Let Y be the
inverse image S$'”'Z C B. Then Y is also homeomorphic to A. Let T: F— C(Y)
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be the operator defined by (Tx)(y')={(x,y") for all x EF, y' € Y. By identifying
C(Z) and C(Y) canonically with C(A) it follows that § = T » R. Since S is onto,
T is onto and clearly positive. Since R’ and S’ are lattice isomorphisms 7" is a
lattice isomorphism and hence T is almost interval preserving (see §2). q.e.d.

(i) = (b): Let F be a closed sublattice of E and let T be an almost interval
preserving operator from F onto C(A). Then T is a lattice isomorphism and an
embedding of C(A) in F'. It follows that C(A) is also lattice isomorphic to a
closed sublattice of E’ (see the proof of Theorem 2, (e) = (a) in [7]).

(b) > (a): This is trivial.

(@) 2 (c): If € >0 is given choose X, U: C(X)— E, (x!)C E’, and (K;) as in
Lemma 6. Using Urysohn’s Lemma one can choose a sequence (f;) C C(X) of
positive functions with f, = 1, f,; + foir = fi and fi (Ki) = {1} for all i € N. Now let
(g:) be a total sequence of positive characteristic functions in C(A) with g, =1,
82 + g2i+1= &, and gy A g2iry =0 for all i €N. Then there exists an operator
V: C(A)— C(X) with Vg, = f, for all i €N. Clearly, V is an isometry and an
order isomorphism. Hence, T = U~V is an order isomorphism with || T||= 1.
Now let (i,) be a sequence in N with i,., € {2i,,2i, + 1} for all n € N and let x' be
a cluster point of the sequence (x/.). Then 0 =x’ and [[x'|| =1+ &. It is readily
verified that T'x’ is a Dirac measure on A and that every Dirac measure on A can
be obtained in this way. Now let K={x'€EE0=x/, [x'[[=1+¢ T'x'is a
Dirac measure on A}. Clearly, K is weak* compact. Denote the restriction of T’
on K by ¢. Then preceding considerations show that ¢ is a continuous map from
K onto A (identify A with its canonical image in C(A)). Finally, define
S: E—> C(K)by (Sx)(x)={(x,x") for all x €E, x’€K. Then K, ¢, T, and S
have the desired properties.

This concludes the proof that (a)-(i) are equivalent.

Now assume that E is a separable Banach lattice. It follows from the proof of
(f) = (g) = (h) > (i) that one can now choose F = E. The implication (j) = (c)
is trivial. To conclude the proof of Theorem 2 we show (a) = (j): Choose K, ¢, T
and S as in the proof of (a) = (c). Since E is separable, K is metrizable. Since A
is uncountable it follows from a result of Kuratowski ([4], p. 351) that there is a
compact set K, C K homeomorphic to A such that the restriction ¢, is a
homeomorphism. It follows from a result of Sierpinski ([13], p. 118) that there is
a retract ¢ from A onto ¢ (K,). Denote the canonical injection of K, onto K by
x- Then ¢ o ¢ o x is a homeomorphism from K, onto ¢ (K). If one replaces in (c)
Kby K,,¢ byegey, Tby T with Tf = T(foy)forall f € C(¢(K))), and S by
S with Sx = (Sx)x, for all x € E, one gets (j). This completes the proof of
Theorem 2.
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Remark. The application of Kuratowski’s Theorem in the proof of (a) = (j)
is similar to the one made by Pekczynski in [9], where it is shown that if E is a
separable Banach space and F is a closed subspace of E isomorphic to C(A) then
there is a closed subspace G C F isomorphic to C(A) and complemented in E. A
particularly elegant proof of Pe}czyiski’s Theorem may be found in [2].

We raise the following question: Suppose ((A) is isomorphic to a closed
subspace of a Banach lattice E. Do the equivalent conditions of Theorem 2 hold?
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